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Abstract
Graph spectral techniques for measuring graph similarity, or for learning the cluster
number, require kernel smoothing. The choice of kernel function and bandwidth
are typically chosen in an ad-hoc manner and heavily affect the resulting output.
We prove that kernel smoothing biases the moments of the spectral density. We
propose an information theoretically optimal approach to learn a smooth graph
spectral density, Entropic Graph Spectrum(EGS), which fully respects the moment
information. Our method’s computational cost is linear in the number of edges,
and hence can be applied to large networks, with millions of nodes. We apply our
method to the problems to graph similarity and cluster number learning, where we
outperform comparable iterative spectral approaches on synthetic and real graphs.
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Introduction

Many systems of interest can be naturally characterised by complex networks; examples include social
networks [12, 8, 10], biological networks [15] and technological networks. Of crucial importance
to the understanding of the properties of a network or graph is its spectrum, which is defined as the
eigenvalues of its adjacency or Laplacian matrix [6, 4]. The spectrum of a graph can be considered as
a natural set of graph invariants and has been extensively studied in the fields of chemistry, physics
and mathematics [3]. Spectral techniques have been extensively used to characterise the global
network structure [14] and in practical applications thereof, such as clustering [18] and measuring
graph similarity [16]. A major limitation in utilizing graph spectra to solve problems such as graph
similarity and estimating the number of clusters is the inability to automatically and consistently learn
an everywhere-positive non-singular approximation to the spectral density. Our main contributions
of this paper are: (1) We prove that the method of kernel smoothing, commonly used in methods
to visualize and compare graph spectral densities, biases moment information; (2) We propose
a computationally efficient and information theoretically optimal spectral density approximation,
Entropic Graph Spectrum(EGS), which fully respects the moment information; (3) We demonstrate
the effectiveness of EGS on graph similarity comparison and clusters number estimation.

2

Motivations for A New Graph Spectral Learning Method

For large sparse graphs, with millions or billions of nodes, learning the exact spectrum using eigendecomposition is unfeasible due to the O(n3 ) cost. Powerful iterative methods, such as the Lanczos
algorithm, are then proposed as cost-efficient alternatives to approximate the graph spectrum with a
sum of weighted Dirac delta functions closely matching the first m moments (explained in Appendix
B ) of the spectral density [17]:
n
m
X
1X
p(λ) =
δ(λ − λi ) ≈
wi δ(λ − λi ),
(1)
n i=1
i=1
Pm
where
i=1 wi = 1, and λi denotes the i-th eigenvalue in the spectrum. However, such
an approximation is undesirable because natural divergence measures between densities, such
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as the relative entropy DKL (p||q) ∈ (0, ∞) from the fields of information theory [5] [1] (i.e.
R
DKL (p||q) = p(λ) log p(λ)
q(λ) dλ ) is infinite for densities that are mutually singular. The use of
the Jensen-Shannon divergence simply re-scales the divergence into DJS (p||q) ∈ (0, 1). This puts us
in the counter-intuitive scenarios, such as, an infinite (or maximal) divergence between two graphs
with the removal of a single edge/node or two graphs generated using the same random graph model
with identical hyper-parameters.
To alleviate the above-mentioed limitations, practitioners typically generate a smoothed spectral
density by convolving the Dirac mixture with a smooth kernel [16, 2], typically Gaussian or Cauchy,
which heavily affects the resolution and moment information of the underlying spectra. We show this
with the following theorem, which we prove in Appendix C .
Pn
Theorem 1. The m-th moment of a Dirac mixture i=1 wi δ(λ − λi ), which is smoothed by a kernel
kσ supported on the real line with bounded moments, is perturbed from its unsmoothed counterpart by
Pn
Pr/2 r 
an amount i=1 wi j=1 2j
Ekσ (λ) (λ2j )λm−2j
, where r = m if m is even and m − 1 otherwise.
i
2j
Ekσ (λ) (λ ) denotes the 2j-th central moment of the kernel function kσ (λ)
Remark. This proves that kernel smoothing alters moment information and that this process gets
more pronounced for higher moments. Furthermore, given that wi > 0, Ekσ (λ) (λ2j ) > 0 and, for the
normalised Laplacian λi > 0, the corrective term is manifestly positive and so the smoothed moment
estimates are biased. For large random graphs, the moments of a generated instance converge to those
averaged over many instances [7], hence by biasing our moment information we limit our ability to
learn about the underlying stochastic process. We include a fuller discussion about the relationship
between the moments of the graph and the underlying stochastic process in the Appendix D.
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Entropic Graph Spectrum (EGS)

We present an information theoretic approach to learning a maxmially smooth spectral approximation
for large graphs, EGS, by combining stochastic trace estimation (the multiplication of a matrix by a
vector to learn the moment information of the underlying spectral density, explained in Appendix E ),
with the method of Maximum Entropy (MaxEnt) [9]. Our algorithm is summarized in Algorithm 1
and the modelling power of our method is visualized in Appendix G where we test our algorithm
on examples with known limiting spectral density. We empirically show the superiority of our EGS
approach in two example applications in Section 4 and 5 with more results in Appendix H.

4

EGS for Measuring Graph Similarity

In this section, we test the use of our EGS in combination with symmetric KL divergence 1 to measure
similarity between different types of synthetic and real world graphs.
Inferring parameters of random graph models We generate a random graph of a given size and
parameter value (e.g., n = 50, p = 0.6) and learn its EGS characterisation. Then, we generate another
graph of the same size but learn its parameter value by minimising the symmetric-KL divergence
between its EGS and that of the original graph. We repeat the above procedures for different random
graph models: Erdős-Rényi (ER), Watts-Strogatz (WS) and Barabási-Albert (BA), and different
graph sizes (n = 50, 100, 150), and the results are shown in Table 1. It can be seen that given the
approximate EGS, we can learn rather well the parameters of the graph producing that.
Comparing different real world networks We now consider the feasibility of comparing real world
graphs using their EGSs. Specifically, we take 3 biological networks, 5 citation networks and 3
road networks [11], and compute the symmetric KL divergences between their EGS densities with
m = 100 moments. The results in the form of a heat map in FIG 2 show clearly that the intra-class
divergences among the biological, citation and road networks are much smaller than their inter-class
divergences. This strongly suggests that the combination of our EGS approach and the symmetric
KL divergence can be used to identify similarity in networks. Furthermore, as can be seen in
the divergence between the human (column/row (0) and (1)) and mouse (column/row (2) index 2)
1

Note that our proposed EGS which is based on MaxEnt distribution enables the symmetric KL divergence
to be computed analytically, as shown the formulae in Appendix F
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Algorithm 1 Entropic Graph Spectrum (EGS) Learner
1: Input: Normalized Laplacian Lnorm , Number of
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Figure 1: Log error of cluster number detection
using EGS and Lanczos methods on real networks (a) (b) and large synthetic (c) (d).

Table 1: Average parameters estimated by
EGS for the 3 types of network. n denotes
the number of nodes in the network.
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Figure 2: Symmetric KL heatmap between 9
graphs from the SNAP dataset: (0) bio-humangene1, (1) bio-human-gene2, (2) bio-mousegene, (3) ca-AstroPh, (4) ca-CondMat, (5) caGrQc, (6) ca-HepPh, (7) ca-HepTh, (8) roadNetCA, (9) roadNet-PA, (10) roadNet-TX.

networks, the spectra of the human genes are more closely aligned with each other than they are with
the spectra of mouse genes. This suggests a reasonable amount of intra-class distinguishability.

5

EGS for learning the number of clusters

Algorithm 2 Cluster Number Estimation
1: Input: Normalized graph Laplacian Lnorm , graph

dimension n, tolerance η
2: Output: Number of clusters Nc
3: Compute EGS p(λ) ← Algorithm 1(Lnorm )
dp(λ)
dλ |λ=λ∗

4: Minimize λ∗ s.t.
d2 p(λ)
dλ2 λ=λ∗

≤

η and

>0

5: Calculate Nc = n

R λ∗
0

p(λ)dλ

The number of zero eigenvalues in the
normalized graph Laplacian represents the
number of disconnected components [18].
Hence for a small number of inter-cluster
links, we would expect a smoothed spectral
density plot to have a spike near 0. We compute the number of clusters using EGS as
shown in Algorithm 2. In this section, we
compare EGS against Lanczos algorithm,
a powerful iterative method, with kernel
smoothing.

Cluster number estimation for real and large synthetic networks We experiment with mediansize real world networks, such as the Email network with n = 1, 003 nodes and a co-authorship
network among network scientiest (NetScience) with n = 1, 589 nodes [13]. For such network, we
can still calculate the ground-truth number of clusters by computing the eigenvalues explicitly and
measure the spectral gap near 0. We present the fractional error in estimating the true number of
clusters in the networks over number of moments in Fig. 1b and 1a. It is clear that our EGS approach
quickly outperforms the Lanczos method after around 20 moments.
To test the performance of our approach for networks that are too large to apply eigen-decomposition,
we generate two large networks by mixing three types of random graph models(ER, WS, BA). The
first large network (Fig 1c) has a size of 201,600 nodes and comprises 305 interconnected clusters
whose size varies from 500 to 1000 nodes. The second large network (Fig 1d) has a size of 404,420
nodes and comprises interconnected 1355 clusters whose size varies from 200 to 400 nodes. The
results in Fig 1c and 1d show that our EGS approach again outperforms the Lanczos method for both
large synthetic networks.
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