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1 IntroductionHigh frequency �nancial data allows us to estimate the increments to quadratic variation, the usualex-post measure of the variation of asset prices (e.g. Andersen, Bollerslev, Diebold, and Labys(2001) and Barndor�-Nielsen and Shephard (2002)). Common estimators, such as the realisedvariance, can be sensitive to market frictions when applied to returns recorded over shorter timeintervals such as 1 minute, or even more ambitiously, 1 second (e.g. Zhou (1996), Fang (1996) andAndersen, Bollerslev, Diebold, and Labys (2000)). In response two non-parametric generalisationshave been proposed: subsampling and realised kernels by Zhang, Mykland, and A��t-Sahalia (2005)and Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006), respectively. Here we partially unifythese approaches by studying the properties of subsampled realised kernels.Our interest is the estimation of the increment to quadratic variation over some arbitrary �xedtime period written as [0; t], which could represent a day say, using estimators of the realised kerneltype. For a continuous time log-price process X and time gap � > 0, the 
at-top1 realised kernelsof Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006) take on the following formK(X�) = 
0(X�) + HXh=1 k �h�1H � �
h(X�) + 
�h(X�)	 ; H � 1:Here k(x), x 2 [0; 1], is a weight function with k(0) = 1, k(1) = 0, while
h(X�) = n�Xj=1 xjxj�h; xj = X�j �X�(j�1); h = �H; :::;�1; 0; 1; :::;H;with n� = bt=�c. Think of � as being small and so xj represents the j-th high frequency return,while 
0(X�) is the realised variance ofX. The above authors gave a relatively exhaustive treatmentof K(X�) when X is a Brownian semimartingale plus noise.It is important to distinguish three classes of kernels functions k(x): smooth, kinked, and discon-tinuous. Examples are the Parzen, the Bartlett and the truncated kernel, respectively. Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006) have shown that the smooth class, which satisfyk0(0) = k0(1) = 0, lead to realised kernels that converges at the e�cient rate, n1=4� . Whereas thekinked kernels, which do not satisfy k0(0) = k0(1) = 0, lead to realised kernels that convergence atn1=6� : The discontinuous kernels lead to inconsistent estimators as we show in Section 3.4.Realised kernels use returns computed starting at t = 0. There may be e�ciency gains byjittering the initial value S times, illustrated in Figure 1, producing S sets of high frequencyreturns xsj , s = 1; 2; :::; S. Zhang, Mykland, and A��t-Sahalia (2005) made this point for realisedvariances. We can then average the resulting S realised kernel estimatorsK(X�;S) = 1S SXs=1Ks(X�);1It is called a 
at-top estimator as it imposes that the weight at lag one is one. The motivation for this is discussedextensively in Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006).2



where Ks(X�) = 
s0(X�) + HXh=1 k �h�1H � �
sh(X�) + 
s�h(X�)	 ;
sh(X�) = n�Xj=1 xsjxsj�h; xsj = X��j+ (s�1)S � �X��j+ (s�1)S �1�:We callK(X� ;S) the subsampled realised kernel | noting that this form of subsampling is di�erentfrom the conventional form of subsampling, as we discuss below.Here we show that subsampling is very useful for the class of discontinuous kernels, becausesubsampling makes these estimators consistent and converge in distribution at rate n1=6, wheren = Sn� is the e�ective sample size. Zhou (1996) used a simple discontinuous kernel and gave abrief discussion of subsampling that kernel. We will see that his estimator can be made consistentby allowing S !1 as n!1; a result which is implicit in his paper, but one he did not explicitlydraw out. For the class of kinked kernels, we show that subsampling is impotent, in the sense thatthe asymptotic distribution is the same whether subsampling is used or not. Finally, we show thatsubsampling is harmful when applied to smooth kernels. In fact, if the number of subsamples, S;increases with the sample size, n; the best rate of convergence is reduced to less than the e�cientone, n1=4.
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Figure 1: x1j are the usual returns. The bottom series are the o�set returns xsj, s = 2; : : : ; S:The intuition for these results follows from Lemma A.1 in the appendix. It shows that
h(X� ;S) = 1S SXs=1 
sh(X�) ' S�1Xs=�S+1 kB � sS � 
Sh+s(X�=S); where kB(x) = 1� jxj ;where the approximation is due to subtle end-e�ects. The implication is thatK(X�;S) ' S�1Xs=�S+1 kB � sS � 
s(X�=S) + HXh=1 k �h�1H � SXs=�S kB � sS � �
Sh+s(X�=S) + 
�Sh�s(X�=S)	= HSXh=0 kS �h�1HS � ~
Sh+s(X�=S): 3



So a subsampled realised kernel is a realised kernel simply operating on a higher frequency (ignoringend-e�ects). The implied kernel weights, kS( hHS ); h = 1; : : : ; SH; are convex combinations ofneighboring weights of the original kernel,kS � hsHS � = S�sS k �hS �+ sSk �h+1S � ; h = 0; : : : ;H; s = 1; : : : ; S: (1)
Tr

un
ca

te
d 

(Z
ho

u)

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.5 1
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.5 1

Ba
rtl

et
t

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.5 1
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.5 1

TH
2

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.5 1
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0 0.5 1Figure 2: The e�ects of subsampling some kernels. The left panels display the original kernel func-tions and the right panels display their implied kernel functions that are induced by subsampling.For the truncated (discontinuous) kernel the two are very di�erent. So subsampling makes animportant di�erence in this case. For the (kinked) Bartlett kernel the two are virtually identical,which suggests that subsampling has no e�ect on this kernel. Finally, for the smooth kernel in thelower panels subsampling has only a small e�ect by making the kernel function piecewise linear.In Figure 2 we trace out the implied kernel weights for three subsampled realised kernels.The left panels display the original kernel functions and right panels display the implied kernelfunctions. For the truncated kernel (H = 1) subsampling leads to a substantially di�erent impliedkernel function { the trapezoidal kernel by Politis and Romano (1995). For the kinked Bartlettkernel subsampling leads to the same kernel function. For a smooth kernel function, the original4



and implied kernel functions are fairly similar, however subsampling does impose some piecewiselinearity which is the reason that subsampling of smooth kernels increases the asymptotic variance.The connection between subsampled realised kernels and realised kernels is perhaps not too sur-prising, because Bartlett (1950) motivated his kernel with the subsampling idea. The conventionalform of subsampling that is based on subseries that consist of consecutive observations. This isdi�erent from our subsamples that consist of every Sth observation. Such are called subgrids inZhang, Mykland, and A��t-Sahalia (2005). While the two types of subsampling are di�erent theycan result in identical estimators. For instance, the sparsely sampled realised variance, 
10(X�); isidentical to Carlstein's subsample estimator (of the variance of a sample mean when the mean iszero), see Carlstein (1986). Carlstein's estimator is based on non-overlapping subseries and K�unsch(1989) analysed the closely related estimator based on overlapping subseries. Interestingly, the(overlapping) subsample estimator by K�unsch (1989) is identical to the average sparsely sampledrealised variance called \second best" in Zhang, Mykland, and A��t-Sahalia (2005), so that theTSRV and MSRV estimators, by Zhang, Mykland, and A��t-Sahalia (2005), A��t-Sahalia, Mykland,and Zhang (2006), and Zhang (2006), can be expressed as linear combinations of two or more sub-sample estimators of the overlapping subseries type by K�unsch (1989). For additional details on therelation between Bartlett kernel and various subsample estimators, see Anderson (1971, p. 512),Priestley (1981, pp. 439{440), and Politis, Romano, and Wolf (1999, pp. 95{98).This paper has the following structure. We present the basic framework in Section 2 along withsome known results. In Section 3 we present our main results. Here we derive the limit theory forsubsampled realised kernels and show that subsampling cannot improve realised kernels within avery broad class of estimators. In Section 4, we given some speci�c recommendations on empiricalimplementation of subsampled realised kernels and how to conduct valid inference in this context.We present results from a small simulation study in Section 5 and an empirical application inSection 6. We conclude in Section 7 and present all proofs in an appendix.2 Notation, de�nitions and background2.1 Semimartingales and quadratic variationThe fundamental theory of asset prices says that the log-price at time t, Yt, must, in a frictionlessarbitrage free market, obey a semimartingale process (written Y 2 SM) on some �ltered probabilityspace �
;F ; (Ft)t�T � ; P�, where T � � 0. Crucial to semimartingales, and to the economics of�nancial risk, is the quadratic variation (QV) process of Y 2 SM. This can be de�ned as[Y ]t = plimN!1 NXj=1 �Ytj � Ytj�1�2 ; (2)(e.g. Protter (2004, p. 66{77) and Jacod and Shiryaev (2003, p. 51)) for any sequence of deter-ministic partitions 0 = t0 < t1 < ::: < tN = t with supjftj+1 � tjg ! 0 for N !1.5



The most familiar semimartingales are of Brownian semimartingale type (Y 2 BSM)Yt = Z t0 audu+ Z t0 �udWu; (3)where a is a predictable locally bounded drift, � is a c�adl�ag volatility process and W is a Brownianmotion. If Y 2 BSM then [Y ]t = R t0 �2udu. In some of our asymptotic theory we also assume, forsimplicity of exposition, that�t = �0 + Z t0 a#u du+ Z t0 �#u dWu + Z t0 v#u dVu; (4)where a#, �# and v# are adapted c�adl�ag processes, with a# also being predictable and locallybounded and V is Brownian motion independent of W . Much of what we do here can be extendedto allow for jumps in � (cf. Barndor�-Nielsen, Graversen, Jacod, and Shephard (2006)).2.2 Assumptions about noiseWe write the e�ects of market frictions as U , so that we observe the processX = Y + U: (5)Our scienti�c interest will be in estimating [Y ]t. In the main part of our work we will assumethat Y ?? U where, in general, A ?? B denotes that A and B are independent. From a marketmicrostructure theory viewpoint this is a strong assumption as one may expect U to be correlatedwith increments in Y . However, the empirical work of Hansen and Lunde (2006) suggests thisindependence assumption is not too damaging statistically when we analyse data in thickly tradedstocks recorded approximately every minute (see also Kalnina and Linton (2006)).We make a white noise assumption about the U process (U 2 WN ):E(Ut) = 0; Var(Ut) = !2; Var(U2t ) = �2!4; Ut ?? Us (6)for any t 6= s; where � 2 R+ : This white noise assumption is unsatisfactory but is a useful startingpoint if we think of the market frictions as operating in tick time (e.g. Bandi and Russell (2005),Zhang, Mykland, and A��t-Sahalia (2005) and Hansen and Lunde (2006)).Analogous to the realised autocovariances we de�ne
h(Y�; U�) = n�Xj=1 yjuj�h; yj = Y�j � Y�(j�1) and uj = U�j � U�(j�1):From (5) we have that
h(X�) = 
h(Y�) + 
h(Y�; U�) + 
h(U� ; Y�) + 
h(U�):It will be useful to have the following notation e
(X�) = f
0(X�); e
1(X�); :::; e
H(X�)g| ; wheree
h(X�) = 
h(X�)+
�h(X�); and introduce the analogous de�nitions of e
(Y�); e
(U�); and e
(Y�; U�):6



3 Subsampled realised kernelHere we study subsampled realised kernels based on smooth and kinked kernel functions. Specif-ically, we require that k(s) is continuous and twice di�erentiable on [0; 1] and that k(0) = 1 andk(1) = 0: Naturally, the derivatives at the end points are de�ned by k0(0) = limx#0 k(x)�k(0)x andk0(1) = limx"1 k(1)�k(x)1�x :Without subsampling, Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006) showed thatk0(0) = 0 and k0(1) = 0; (7)is a necessary condition for a realised kernel to have the best rate of convergence, and this propertyis also key for subsampled realised kernels | see also the work of Zhang (2006) on using subsamplingof realised variance to obtain the same rate of convergence. We shall refer to continuous kernelsthat satisfy (7) as smooth, otherwise they are called kinked.In some of our proofs it is convenient to extend the support of the kernel functions beyond theunit interval, using the conventions: k(x) = 0 for x > 1 and k(�x) = k(x):Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006) showed that kernel functions of thetype can be used to produce consistent estimators with mixed Gaussian asymptotic distributions.It is therefore interesting to analyze whether there are any gain from subsampling realised kernelsor not. Perhaps surprisingly we �nd that subsampling is harmful or, at best, impotent, for realisedkernels that are based on smooth or kinked kernel functions.Below we formulate limit results for subsampled realised kernels using the notationk0;0� = Z 10 k(x)2dx; k1;1� = Z 10 k0(x)2dx; k2;2� = Z 10 k00(x)2dx;� = !2=qtR t0 �4udu; � = R t0 �2udu=qtR t0 �4udu;and we de�ne ~K(X�;S) = K(X�;S)+�SH;n; where �SH;n = S�1PSs=1PHh=1 �k(h+1H )� k(h�1H )	Rsh;n;Rsh;n = 12 (UtsnUtsn+h� + Uts0Uts0�h� � UtsnUtsn�h� � Uts0Uts0+h�); ts0 = s�1S �; and tsn = t+ s�1S �. So �SH;nis related to end-e�ects.Theorem 1 For large H and n the asymptotic distributions ofK(Y�;S)� Z t0 �2udu; K(Y�; U�;S) +K(U�; Y�;S); and K(U�;S) + �SH;n;are mixed Gaussian, uncorrelated with mean zero and asymptotic variances given by4Hn� k0;0� tZ t0 �4udu; (8)8!2 Z t0 �2uduk1;1� H�1�S (9)4!4n� ��k0(0)2 + k0(1)2	H�2 + k2;2� H�3��S: (10)7



respectively, and the asymptotic variance of �SH;n is 4!4k1;1� =(HS): Furthermore, ~K(X�;S) �R t0 �2udu is mixed Gaussian with a zero mean and variance4tZ t0 �4udu8<:Hn� k0;0� + 2��k1;1� H�1 + �2n� h�k0(0)2 + k0(1)2	H�2 + k2;2� H�3iS 9=; : (11)Subsampling has no impact on the �rst term, (8). This is despite the fact that subsamplinglowers the variance of the individual realised autocovariances, ~
h(Y�). This is because subsamplingintroduces positive correlation between ~
h(Y�;S) and ~
h+1(Y�;S) that exactly o�sets the reductionin the variance of the realised autocovariances. Subsampling does reduce the variances of the termse�ected by noise, (9) and (10), by a factor of S:The auxiliary quantity, ~K(X�;S); is introduced to simplify the exposition of our results. ~K(X�;S)and K(X�;S) are often asymptotically equivalent because their di�erence, �SH;n; vanishes at a suf-�ciently fast rate. This is made precise in the following Lemma.Lemma 1 If k0(0)2 + k0(1)2 6= 0 or S !1; then avarfK(X�)� ~K(X�)g=avarf ~K(X�)g = o(1): Ifk0(0)2 + k0(1)2 = 0 then avarfK(X�)� ~K(X�)g=avarf ~K(X�)g � �=�2 + 2qk2;2� k0;0� =(k1;1� )2� :We shall state several asymptotic results for n
 n ~K(X�)� R t0�2uduo : An implication of Lemma1 is that K(X�) can be substituted for ~K(X�) whenever 
 < 1=4: When 
 = 1=4 the di�erencebetween K(X�) and ~K(X�) is not trivial in an asymptotic sense, but for all practical purposes theirdi�erence is negligible. The reason being that a realistic empirical value for �; is � � 0:01: With theoriginal Tukey-Hanning kernel the relative variance in Lemma 1 is no larger than 1=f200(1+p3)g �0:00183:The most obvious generalisation of Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006) isto think of the case where S is �xed and we allow H to increase with n�: When (7) holds, wecan follow Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006) and set H = c(�n�)1=2. Thenwe obtain the result that, where Ls denotes convergence in law stably (e.g. Barndor�-Nielsen,Graversen, Jacod, and Shephard (2006)),n1=4� � ~K(X�;S)� Z t0 �2udu� Ls!MN (0; 4!�tZ t0 �4udu�3=4 ck0;0� + 2c�1�k1;1� + c�3k2;2�S !) :Whether or not (7) holds, when we set H = c(�n�)2=3 we haven1=6� � ~K(X�;S)� Z t0 �2udu� Ls!MN "0; 4!4=3�tZ t0 �4udu�2=3�ck0;0� + k0(0)2 + k0(1)2c2S �# :Here S plays a relatively simple role, reducing the impact of noise | by in e�ect reducing the noisevariance from !2 to !2=pS. If (7) does hold then we getn1=6� � ~K(X�;S)� Z t0 �2udu� Ls!MN (0; 4ck0;0� !4=3�tZ t0 �4udu�2=3) ;which implies no asymptotic gains at all from subsampling.8



3.1 E�ective Sample SizeThe e�ectiveness of subsampling can be assessed in terms of the e�ective sample size, n = n�S: Itmakes explicit that a larger S reduces the sample size, n�, that is available for each of the realisedkernels. Then we ask if it is better to increase n� or S for a given n. In terms of n (11) becomes4tZ t0 �4udu"HSn k0;0� + 2��k1;1�HS + n�2(k0(0)2 + k0(1)2(HS)2 + S k2;2�(HS)3)# : (12)Here HS appears in the variance expression in a way that is almost identical to H when there isno subsampling (S = 1): The only di�erence is the impact on the last term. This term vanisheswhen k0(0) = k0(1) = 0 does not hold, because the second last term is then O �n=(SH)2� whereasthe last term is only O �H�1�O �n=(SH)2� : This feature of the asymptotic variance holds the keyto the di�erent results we derive for smooth and kinked kernels.3.2 Kinked Kernels: When k0(0) = k0(1) = 0 does not holdWhen (7) does not hold the asymptotic variance of ~K(X� ; S) is given by4tZ t0 �4udu(HSn k0;0� + 2��k1;1�HS + n�2 k0(0)2 + k0(1)2(HS)2 ) :While this expression depends on the product HS; it is invariant to the particular values of H andS; though we do need H !1 to justify the terms, k0;0� , k1;1� ; etc. We have the following result.Theorem 2 (i) If SH = c(�n)2=3 we haven1=6� ~K(X�;S)� Z t0 �2udu� Ls!MN  0; 4!4=3�tZ t0 �4udu�2=3�ck0;0� + k0(0)2 + k0(1)2c2 �! ; (13)as n!1; so long as H increase with n: (ii) The asymptotic variance is minimised byc = n2k0(0)2+k0(1)2k0;0� o1=3 ; and 6ck0;0� !4=3 �tZ t0 �4udu�2=3is the lower bound for the asymptotic variance.Thus (13) is not in
uenced by S; not even the rate of growth in S. All that matters is thatH grows and that HS grows at the right rate. The implication is that there are no gains fromsubsampling when k0(0)2 + k0(1)2 6= 0. So we might as well set S = 1 and use the realised kernelthat does not require any subsampling. The second part of Theorem 2 shows thatck0;0� = 6 h2 �k0;0� �2 �k0(0)2 + k0(1)2	i1=3controls the asymptotic e�ciency of estimators in this class.Example 1 The Bartlett kernel, k(x) = 1 � x; has k0;0� = 1=3 and k0(0)2 + k0(1)2 = 2, so that6ck0;0� = 2 �121=3 ' 4:58; whereas the quadratic kernel, k(x) = 1�2x+x2; is more e�cient, becauseit has k0;0� = 1=5 and k0(0)2 + k0(1)2 = 4; so that 6ck0;0� = 12 � 5�2=3 ' 4:10:9



3.3 Smooth Kernels: When k0(0) = k0(1) = 0 holdsIn this Section we consider smooth kernel functions. Some examples of smooth kernel functions aregiven in Table 1, where kth1(x) is the Tukey-Hanning kernel.Table 1: Some smooth kernel functions.Cubic kernel kC(x) = 1� 3x2 + 2x3Parzen kernel kP (x) = (1� 6x2 + 6x3 0 � x � 1=22(1� x)3 1=2 � x � 1THp kTHp(x) = sin2f�=2 (1� x)pgWe know from Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006) that the rate of con-vergence of realised kernels improves when k0(0) = k0(1) = 0: This smoothness condition will alsoimprove the rate of convergence for subsampled realised kernels. For smooth kernel functions, theasymptotic variance is given by4tZ t0 �4udu(HSn k0;0� + 2��k1;1�HS + �2nS k2;2�(HS)3) : (14)Because the last term is multiplied with S it is evident that the asymptotic distribution will dependon whether S is constant or increases with n: This is made precise in the following Theorem.Theorem 3 (i:a) When S is �xed we set HS = c(�n)1=2 and haven1=4� ~K(X�)� Z t0 �2udu� Ls!MN "0; 4!�tZ t0 �4udu�3=4�ck0;0� + 2�c k1;1� + Sc3 k2;2� �# : (15)(i:b) When S = an� for some 0 < � < 2=3; we set HS = c(�n)1=2n�=4 and haven 1��=24 � ~K(X�;S)� Z t0 �2udu� Ls!MN "0; 4!�tZ t0 �4udu�3=4 nck0;0� + ac3 k2;2� o# :(ii) Whether S is constant or not, the asymptotic variance is minimized byHS = (�n)1=2s�k1;1�k0;0� �1 +r1 + 3S k0;0� k2;2�(�k1;1� )2�;and the lower bound is n�1=2!�tZ t0 �4udu�3=4 g(S); (16)where g(S) = 163 q�k1;1� k0;0� 8>>><>>>: 1vuut1+s1+3S k0;0� k2;2�(�k1;1� )2 +vuut1 +s1 + 3S k0;0� k2;2�(�k1;1� )29>>>=>>>; : (17)10



Remark. In (i:b) we impose � < 2=3: The reason is that H _ n1=2+�=4�� = n(1� 32�)=2 and weneed (1� 32�)=2 > 0 to ensure that H grows with n:The relative e�ciency in this class of estimators is given from g(S); and we have the followingimportant result for subsampling of smooth kernelsCorollary 1 The asymptotic variance of ~K(X�;S) is strictly increasing in S:The implication is that subsampling is always harmful for smooth kernels. Furthermore, (i:b)shows that there is an e�ciency loss from allowing S to grow with n: See Table 2 for the values ofg(S) for some selected kernel functions.Another implication of Theorem 3 concerns the best way to sample high frequency returns.This result is formulated in the next corollary and will require some explanation.Corollary 2 The asymptotic variance, (16), as a function of �; is minimized for � = 1:The Corollary is interesting because � = R t0 �2udu=qtR t0 �4du depends on the sampling schemeby which intraday returns are obtained. So � can be interpreted as an asymptotic measure ofheteroskedasticity in the intraday returns, where � = 1 corresponds to homoskedastic intradayreturns. Rather than equidistant sampling in calendar time we can generate the sampling timesby, tj = t� � � jn� ; j = 0; 1; : : : ; n;where � is a time change (�(0) = 0, �(1) = 1, and � is monotonically increasing, so that 0 = t0 �t1 � � � � � tn = t). A change of time does not a�ect R t0�2udu but does in
uence the integratedquarticity R t0�4udu; see e.g. Mykland and Zhang (2006). A particularly interesting sampling schemeis business time sampling (BTS), see e.g. Oomen (2005, 2006), which is the sampling scheme thatminimises the integrated quarticity, see Hansen and Lunde (2006, p. 135). It is easy to see that thetime change associated with BTS, �(�), �bts(�) say, must solve R t��(s)0 �2udu = s� R t0 �2udu; and bythe implicit function theorem we have � 0bts(s) _ 1/ �2(~s); where ~s = t� �bts(s): The implication isthat returns are sampled more frequently when the volatility is high and less frequently when thevolatility is low under BTS. In general we have � � 1 and Corollary 2 shows that BTS (� = 1) isthe ideal sample scheme. Naturally, sampling in business time is infeasible because �bts dependson the unknown volatility path. Still, Corollary 2 can be used as argument in favor of samplingschemes that results in less heteroskedastic intraday returns than does CTS.Given S and � the optimal H is H = cS(�n)1=2 for this class of kernels wherecS = S�1s�k1;1�k0;0� �1 +r1 + 3S k0;0� k2;2�(�k1;1� )2�: (18)In Table 2 we present key quantities for some smooth kernels. Perhaps the most interestingquantity is g(S) of (17), as it enable us to compare the relative e�ciency across estimators. InTable 2 we have computed g(S) for the case where � = 1. So g(S) can be compared to 8 which11



Table 2: Key quantities for some smooth-continuous kernels.k0;0� k1;1� k2;2� pk0;0� k1;1� k0;0� k2;2�(k1;1� )2 
1 g(S)S = 1 S = 2 S = 3 S = 10Cubic 0:371 1:20 12:0 0:67 3:09 3:68 9:03 9:81 10:39 12:72Parzen 0:269 1:50 24:0 0:64 2:87 4:77 8:53 9:25 9:78 11:94TH1 0:375 1:23 12:2 0:68 3:00 3:70 9:18 9:96 10:55 12:89TH2 0:218 1:71 41:8 0:61 3:11 5:75 8:27 8:99 9:51 11:65TH5 0:097 3:50 489:0 0:58 3:85 8:07 8:07 8:82 10:19 11:57TH10 0:050 6:57 3610:6 0:57 4:19 24:79 8:04 8:80 10:19 11:59TH16 0:032 10:26 14374:0 0:57 4:33 39:16 8:02 8:80 10:20 11:60Key is g(S) that measures the relative e�ciency in this class of estimators. Here computed for thecase with constant volatility (� = 1) such that these numbers are comparable with the maximumlikelihood estimator that has g = 8:00: No subsampling (S = 1) produces the best estimator andkernels with a relative large k0;0� k2;2� =(k1;1� )2 tend to be more sensitive to subsampling.is the corresponding constant for the maximum likelihood estimator in the Gaussian parametricversion of the problem. We see that most kernels are only slightly less e�cient than the maximumlikelihood estimator, TH16 almost reaching this lower bound. Comparing g(S) for di�erent degreesof subsampling, reminds us that S = 1 (no subsampling) yields the most e�cient estimator. Thelarger the value of k0;0� k2;2� =(k1;1� )2 the more sensitive is the kernel to subsampling.
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Figure 3: Some smooth kernels, k(x=c1); using their respective optimal value of c when S = 1:Figure 3 plots some smooth kernel functions, k(x=c1) using their respective optimal value for c1;see Table 2. We see that the TH1 kernel is almost identical to the cubic kernel. The TH16 kernel issomewhat 
atter, putting less weight on realised autocovariances of lower order and higher weighton realised autocovariances of higher order. The Parzen kernel is typically between TH1 and TH16.While the smooth kernels improve the rate of convergence over the kinked kernels, the improve-ments may be modest in �nite samples. The reason is the following. When the noise is smallthe optimal H is small, and H may actually be quite similar for kinked and smooth kernels. Forinstance with � = 0:01 and n = 780, the Bartlett kernel has cBartlett(�n)2=3 = 9:00 whereas thecubic kernel has cCubic(�n)1=2 = 10:78. So in this case the two types of estimators are rather similarand despite the fact that HBartlett grows at the faster rate n2=3; the cubic kernels includes more12



lags in this situation.3.4 Discontinuous kernel functionsIn this section we consider the kernel functions we have labelled as discontinuous kernels. Suchkernels lead to estimators with poor asymptotic properties. We shall see that subsampling cansubstantially improve such estimators, making them consistent with mixed Gaussian distributions.So for such kernels, subsampling is a saviour.Lemma 2 Let Kw(X�) = PHh=0wh~
h(X�); where H = o(n) (possibly constant). Then w0 =1 + o(1) and w0 � w1 = o(n�1), are necessary conditions for E�Kw(X�)� R t0�2udu�! 0; andHXh=0 (wh+1 � 2wh + wh�1)2 = o(n�1); (19)is a necessary condition for Var�Kw(X�)� R t0�2udu�! 0, where we set wH+1 = 0 and w�1 = w0:The lemma shows that realised kernels using a �xed H cannot converge to R t0�2udu in meansquares, because such estimators will not satisfy (19).Consider the case where we construct wh from a kernel function and let H ! 1. In thissituation it is clear that any discontinuous kernel will violate (19), becausen HXh=0 (wh+1 � 2wh + wh�1)2 ' n� Xxj2Dk� limx"xj k(x)� limx#xj k(x)�2 :Here Dk is the set of discontinuity points for k(x):Next, we consider the truncated kernel which does not satis�es (19). We will see that subsam-pling this kernel produces an estimator that is consistent and mixed Gaussian. This is true whetherH is �nite or is allowed to grow with the sample size.3.4.1 Zhou (1996) estimatorFirst we will look at estimators which are thought of as having H �xed and allowing the degreeof subsampling to increase. This is outside the spirit of the realised kernels of Barndor�-Nielsen,Hansen, Lunde, and Shephard (2006) which need H to get large with n� for consistency, howeverit is close to the important early work of Zhou (1996) and is strongly intellectually connected tothe two scale estimators by Zhang, Mykland, and A��t-Sahalia (2005).The Zhou (1996) estimator can be written as 
0(X�;S) + e
1(X� ;S) which is the subsampledrealised kernel based on the truncated kernel function using H = 1. Zhou (1996) noticed that thevariance of his estimator was of order O( Sn� ) +O( 1S ) +O(n�S2 ), but did not realize that by allowingS to increase with n� his estimator is consistent. In fact, in a subsequent paper Zhou stated thathis subsampled realised kernels was inconsistent, see Zhou (1998, p. 114). The following Theoremgives its asymptotic distribution. 13



Theorem 4 Suppose S = c3n2�, then as n� !1n1=2� �
0(X� ;S) + e
1(X� ;S)� Z t0 �2udu� Ls!MN �0; 163 tZ t0 �4udu+ 8!4=c3� :This asymptotics is not particularly attractive for its seeming n1=2� rate of convergence hidesthe fact that it assumes massive databases in order to allow S to increase rapidly with n�. A moreinteresting way of thinking about this estimator is in terms of the e�ective sample size n = S�n�.Again we ask if it is better to increase n� or S for a given n. This leads to the following result.Lemma 3 If S = c(�n)2=3 then the Zhou estimator hasn1=6�
0(X� ;S) + e
1(X� ;S)� Z t0 �2udu� Ls!MN  0; !4=3�tZ t0 �4udu�2=3 �163 c+ 8c2 �! :The minimum asymptotic variance is8 3p3|{z}'11:54!4=3�tZ t0 �4udu�2=3 ; with c = 3p3:The Zhou estimator's asymptotic variance is thus of the form obtained by the kinked non-subsampled realised kernels, i.e. ones which do not satisfy the k0(0) = k0(1) = 0 condition.Example 2 Suppose n corresponds to using prices every 1 second on the NYSE, so n = 23; 400.If !2 = 0:001 and tR t0 �4udu = 1, which is roughly right in empirical work from 2004, then for theZhou estimator the optimal S ' 25 so that n� ' 920. Hence the degree of subsampling is rathermodest. In 2000, !2 = 0:01 and tR t0 �4udu = 1 would be more reasonable, in which case S = 118and n� = 198; which corresponds to returns measured every roughly 2 minutes.3.4.2 2-lag 
at-top Bartlett estimatorA natural extension of Zhou (1996) is to allow H to be larger than one but �xed.Lemma 4 Let w0 = w1 = 1 and w2 = 1=2: With S = c(�n)2=3 we haven1=6�
0(X� ;S) + e
1(X� ;S) + 12e
2(X�;S)� Z t0 �2udu� Ls!MN  0; !4=3�tZ t0 �4udu�2=3�203 c+ 2c2�! ;and the minimum variance is10 3p3=5| {z }'8:43 !4=3�tZ t0 �4udu�2=3 ; with c = 3p3=5:The constant in the asymptotic variance is here reduced from about 11:54 to 8:43. Now we pro-ceed by adding additional realised autocovariances to Zhou's estimator, using the Bartlett weights,wh = k(h�1H ); h = 2; : : : ;H. An interesting question is what happens as we increase H further?14



For moderately large H we have that n1=6 nK(X�)� R t0 �2uduo has an asymptotic variance of ap-proximately 43 f2 + (H + 1)g ctR t0 �4udu+ 8!4c2H2 . This suggests c3 = 12!4=�H3tR t0 �4udu�+ o(1); sothe asymptotic variance (using 43121=3 + 8=122=3 = 2 3p12) is2 3p12| {z }'4:58 !4=3�tZ t0 �4udu�2=3 + o(1):So we achieve an additional reduction of the asymptotic variance. Not surprisingly, this is theasymptotic variance of the Bartlett realised kernel applied to a sample of size n when H _ n2=3,see Example 1. Here, by allowing H to grow we approach the situation with kinked kernels so weobserve the eventual impotence of subsampling { a property we have shown holds for all kinkedkernels. Hence as H gets large the optimal degree of subsampling rapidly falls and the best thingto do is simply to run a Bartlett realised kernel on the data without subsampling, i.e. take n� = n.
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Figure 4: The implied kernels that arise from subsampling some simple kernels. H = 1 correspondsto the subsampled version of Zhou's estimator; H = 2 is that for Zhou's estimator after adding1=2~
2(X�); and H = 1 (here approximated by H = 18) illustrates the implied kernel for Zhou'sestimator that is enhanced by an increasing number of Bartlett-weighted realised autocovariances.Figure 4 shows the implied kernel functions that are generated by subsampling Zhou's estimator(H = 1) and the two estimators that have been enhanced by adding Bartlett weights. The relativeasymptotic e�ciency for these estimators are simply given by k0;0� of the implied kernel, where theimplied kernel for H = 1 corresponds to the trapezoidal kernel by Politis and Romano (1995). FromFigure 4 it is evident that k0;0� is decreasing in H which explains that the asymptotic variance ofthis estimator is decreasing in H:3.4.3 Relationship to two scale estimatorThe two scale estimator of Zhang, Mykland, and A��t-Sahalia (2005) bias corrects 
0(X�;S) using!̂2 = 
0(X�=S)=2n. Their results are reproved here, exploiting our previous results to make theproofs very short. We set S = c(�n)2=3, which imposes the optimal rate for S:
15



Theorem 5 With S = c(�n)2=3 we haven1=6�
0(X� ;S)� n�2!2 � Z t0 �2udu� Ls!MN (0; !4=3�tZ t0 �4udu�2=3�43c+ 41 + �2c2 �) ; (20)n1=6( 1S PSn�j=1 �Uj�=S � U(j�S)�=S�2 � n�2!21S PSn�j=1 �Uj�=S � U(j�1)�=S�2 � n�2!2 ) Ls! N �0; 4!4c2�4=3 � 1 + �2 �2�2 1 + �2 �� :This allows us to understand that replacing 
0(U�;S)�n�2!2 by 
0(U� ;S)� n�2!̂2, yielding afeasible estimator with a smaller variance than the infeasible estimator.Theorem 6 With S = c(�n)2=3 we haven1=6�
0(X�;S)� 2n�!̂2 � Z t0 �2udu� Ls!MN (0; !4=3�tZ t0 �4udu�2=3�43c+ 8c2�) :The minimum asymptotic variance is2 3p12| {z }'4:58 !4=3�tZ t0 �4udu�2=3 ; with c = 3p12:Thus the two scale estimator is signi�cantly more e�cient than the Zhou estimator and is ase�cient as the Bartlett realised kernel.Example 3 (continued from Example 2). If !2 = 0:001 and tR t0 �4udu = 1, then S ' 40 andn� ' 580. Hence the degree of subsampling is larger than that used by Zhou.4 Some Empirical RecommendationsWe have worked under the assumption that the noise is of the independent type de�ned in (6).This assumption seems reasonable for equity returns when prices are sampled at moderate highfrequencies, e.g. for the liquid stocks on the New York stock exchange this assumption seemsreasonable when applied to 1 minute returns (Hansen and Lunde (2006)). In this context the bestapproach to estimation is to use a smooth realised kernel without any subsampling. A shortcomingof this approach is that this estimator does not make use of all available observations. For example,transactions on the most liquid stocks now take place every few seconds, but for U 2 WN to bereasonable we can only sample every, say, 15th observation.In this Section we discuss how to construct subsampled realised estimators that make use ofall available data. We also discuss how valid inference can be made about such estimators underrealistic assumptions about the noise in tick-by-tick data.Here we use a subsampled realised kernel, where S is chosen to be su�ciently large so that (6)is reasonable for a sample that only consists of every Sth observation. The asymptotic variancecan be estimated from the coarsely sampled data, using the methods by Barndor�-Nielsen, Hansen,16



Lunde, and Shephard (2006), and this leads to valid inference that is robust to both time-dependentand endogenous noise in the tick-by-tick data.Speci�cally we recommend the following procedure.1. Choose S su�ciently large for (6) to be a plausible assumption for a sample that only consistsof every Sth observation.2. Construct S distinct subsamples, each having approximately n� = n=S observations.3. For each of the S subsamples, obtain estimates of !2 and IQ = tR t0 �4udu; and an initialestimate of IV = R t0 �2udu: See Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006) forways to do this. Average each of these estimators to construct the subsampled estimators,!̂2 = S�1PSs=1 !̂2s and cIVinitial = S�1PSs=1 cIVinitial;s and cIQ = S�1PSs=1 cIQs:4. Obtain an estimate, Ĥ; for the optimal H; by plugging the subsampled estimates into theexpression for the optimal H: Use this Ĥ to compute the S realised kernels, Ks(Xskip-S);using a smooth kernel and the weights w0 = w1 = 1 and wh = k �h�1Ĥ � ; for h = 2; : : : ; Ĥ:Form their average to obtain the actual estimator, cIV�nal = K(Xskip-S ;S):5. Finally, compute the conservative estimate for avar fK(Xskip-S ;S)g using the �nite sampleexpressions, where w = (w0; w1; : : : ; wĤ)|,dVar fK(Xskip-S ;S)g = cIQ (w|Aw)� 1n� + 8!̂2cIV�nal (w|Bw) + 4!̂4 (w|Cw)� n�: (21)The variance estimate in (21) is the sum of the �nite sample versions of (8-10) with S = 1:So this expression completely ignores subsampling, and the expression is really an estimator ofVar(Ks(Xskip-S)): The reason is that subsampling does not reduce the noise-variance by a factorof S; unless the noise is uncorrelated across subsamples. This is unrealistic when the subsamplesexploit all the tick-by-tick data. However, we still have avar fK(Xskip-S ;S)g � avar(Ks(Xskip-S)),even if Ut ?? Us is violated for some s 6= t: So (21) is simply a robust estimator that is expectedto yield a conservative estimate of the variance. It is interesting to have some notion of howconservative this estimator is.Recall our result in Theorem 1 that avar fK(Yskip-S ;S)g = avar(Ks(Yskip-S)), see (8). So sub-sampling cannot reduce the contribution to the asymptotic variance from this term, while thecontributions from the two other terms (9) and (10), potentially can be driven all the way to zero.Example 4 With � = 1; the asymptotic variance of the realised TH2 kernel is proportional toc1 + 2k1;1�k0;0� c�11 + k2;2�k0;0� c�31 = 5:75 + 1:710:218 25:75 + 41:80:218 (5:75)�3 ' 9:50:Subsampling this estimator with S = 10; say, reduces this factor to no less than5:75 + 110 1:710:218 25:75 + 110 41:80:218 (5:75)�3 ' 6:12;17



see (11). So the variance reduction is less than 36% and even with S ! 1 the reduction isless than 40%: In practice, the reduction is likely to be much smaller, because the noise is notindependent across subsamples. So even though (21) is a conservative estimator { it is not perverselyconservative.5 Simulation study5.1 Simulated model and designIn this section we analyse the �nite sample properties of K(X�;S); using both a smooth TH2 kerneland a kinked Bartlett kernel. We consider the following SV model,dYt = �dt+ �tdWt; �t = exp (�0 + �1� t) ; d� t = �� tdt+ dBt; corr(dWt;dBt) = �;where � is a leverage parameter. This model is frequently used for simulation is this context, seee.g. Huang and Tauchen (2005) and Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006).In our simulated model, we set � = 0:03, �1 = 0:125, � = �0:025 and � = �0:3. Further, we set�0 = �21=(2�) in order to standardize E ��2t � = 1: With this con�guration the variance of R t0 �2udu iscomparable to the empirical results found in Hansen and Lunde (2005). For the variance of marketmicrostructure noise we set !2 = 0:1:The process is generated using an Euler scheme based on N = 23; 400 intervals, where eachinterval is thought to correspond to one second so that the entire interval corresponds to 6.5 hours,which is the length of a typical trading day. The volatility process is restarted at its mean value�0 = 1 every day by setting �0 = 5=2: This keeps the noise-to-signal ratio, � = !2=qR 10 �4udu;comparable across simulations. In our Monte Carlo designs we let the e�ective sample size, n; beeither 1; 560, 4; 680, or 23; 400, which correspond to sampling every 15, 5, or 1 seconds, respectively.So a sample with 4; 680 observations, say, is obtained by including every �fth observation of theN = 23; 401 simulated data points over the [0; t] interval.5.2 Implementation of realised kernels and subsampled realised kernelsFrom the simulated data, X0; : : : ;Xn; we de�ne the \skip-S returns" �SXj = Xj � Xj�S: Thesubsampled realised autocovariances are computed by,
̂sh = n�Xj=1�SXjS+s�1�SX(j�h)S+s�1; s = 1; : : : ; S; h = �H; : : : ; 0; : : : ;H;where n� = n=S: The subsampled realised kernel is de�ned by\K(X;S) = 1S SXs=1 \Ks(X); where \KsH(X) = 
̂s0 + HXh=1 k(h�1H ) �
̂sh + 
̂s�h� :When S = 1 we use H�TH2;1 = 5:75(�n)1=2 for the smooth TH2 kernel andH�Bartlett;1 = 3p12(�n)2for the kinked Bartlett kernel. The \noise-to-signal" parameter, � = !2=qR 10 �4udu need not18
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Table 3: Summary statistics for subsampled [Y ] estimators.Mean Std. (HAC) H Corr acf(1) acf(2) acf(5) acf(10)Sample period: 2000Realised kernel (TH2, H� = c�n1=2)Kth2(Xap. 1 min) 4.747 3.216 (6.133) 6.558 1.000 0.43 0.25 0.03 0.15Subsampled realised kernel (TH2, H = c�n1=2)Kth2(Xap. 1 min;S) 4.709 3.220 (6.170) 6.558 0.997 0.43 0.25 0.03 0.16Realised kernel (TH2, H = S �H�)Kth2(X1 tick) 4.702 2.946 (5.793) 62.44 0.986 0.46 0.27 0.05 0.13Subsampled realised variances[X20 minutes; 1200] 4.417 3.650 (6.046) 0.894 0.26 0.17 -0.01 0.17[X5 minutes; 300] 4.908 3.018 (5.611) 0.984 0.44 0.23 0.01 0.14[X1 minutes; 60] 5.545 2.376 (5.167) 0.787 0.55 0.36 0.10 0.18AMZ (2005)TSRV (K; J) 4.514 3.657 (6.766) 0.941 0.36 0.21 0.01 0.23Sample period: 2004Realised kernel (TH2, H� = c�n1=2)Kth2(Xap. 1 min) 0.962 0.568 (1.195) 5.723 1.000 0.34 0.32 0.28 0.08Subsampled realised kernel (TH2, H = c�n1=2)Kth2(Xap. 1 min;S) 0.954 0.561 (1.202) 5.723 0.995 0.37 0.32 0.28 0.09Realised kernel (TH2, H = S �H�)Kth2(X1 tick) 0.947 0.522 (1.130) 78.27 0.990 0.37 0.31 0.30 0.08Subsampled realised variances[X20 minutes; 1200] 0.885 0.516 (1.036) 0.933 0.27 0.27 0.27 0.08[X5 minutes; 300] 0.943 0.503 (1.088) 0.984 0.37 0.32 0.30 0.08[X1 minutes; 60] 0.942 0.376 (0.921) 0.899 0.46 0.43 0.38 0.12AMZ (2005)TSRV (K; J) 0.946 0.560 (1.194) 0.944 0.33 0.35 0.28 0.11Summary statistics for seven estimators. First the realised kernel using approximate 1 minute returns withH� and its subsampled version, followed by the realised kernel using tick-by-tick data with H = S �H�. Thenthree subsampled realised variances based on 20, 5 and 1 minute returns. For instance, [X5 minutes; 300] isthe average of 300 realised variances based on 5 minutes returns, obtained by shifting the time prices arerecorded by 1 second. Finally, TSRV (K; J) is the two-scale estimator that is robust to deviations from i.i.d.noise. For both 2000 and 2004 we report the average of daily estimates with standard deviations. Corris the correlation between each of estimators and the �rst realised kernel. Finally we report four sampleautocovariances.The following three estimators are subsampled realised variances. These are based on returnsthat are sampled in calendar time, where each intraday return spans 20 minutes, 5 minutes, or 1minute, as indicated in the subscript of these estimators. To exhaust data sampled every second, thenumber of subsamples are S = 1200; S = 300; and S = 60; respectively. For instance, the estimator[X5 minutes; 300] is the average of 300 realised variances, where each of the realised variances arebased on 5 minute intraday returns, simply changing the initial place that prices are recorded by21



one second. The last estimator, TSRV (K;J), by Zhang, Mykland, and A��t-Sahalia (2005), is thetwo-scale estimator that is designed to be robust to deviations from i.i.d. noise. Here we use theirarea adjusted estimator, which involves a bias correction.
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Figure 7: Three estimators for the daily increments to [Y ] for General Electrics in November2000 and 2004. Triangles are the estimates of the realised kernel using roughly 1 minute returns.Diamonds are the estimates produced by the subsampled realised kernel. Circles are the estimatesof the realised kernel that uses tick-by-tick returns and an H that is S times larger than that usedby the �rst realised kernel. The intervals are the 95% con�dence intervals for KTH2(Xap. 1min ).From Table 3 we see that the estimators are very tightly correlated. The two realised kernelsand the subsampled realised kernel are almost perfectly correlated, and all reported statistics arequite similar for these estimators. The two scale estimator is also quite similar to the realised22



kernels. Interestingly, amongst the subsampled realised variances, it is that based on 5 minutereturns that is most similar to the realised kernels. This suggest that 20 minute returns leads totoo much sampling error, whereas 1 minute returns are being in
uenced by the bias due to marketmicrostructure noise.Time series for some of these estimators are drawn in Figure 7, where we plot daily pointestimates for November 2000 and November 2004. We also include the con�dence intervals forKTH2(Xap. 1 min) using the method of Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006).The three estimators are virtually almost identical. While the subsampled realised kernel maybe slightly more precise than the moderately sampled realised kernel, KTH2(Xap. 1 min); Figure 7does not suggest there is a big di�erence between these two. The realised kernel that is based ontick-by-tick data is slightly di�erent from the other estimators, but always inside the con�denceinterval for KTH2(Xap. 1 min).7 ConclusionsWe have studied the properties of subsampled realised kernels. Subsampling is a very naturaladdition to realised kernels, for it can be viewed as averaging over realised kernels with slightlydi�erent starts of the day. We have provided a �rst asymptotic study of these statistics, allowingthe degree of subsampling or the number of lags to go to in�nity or being �xed. Included in ouranalysis is the asymptotic distribution of the estimator proposed by Zhou (1996).Subsampling leads to few gains in our analysis. In fact, we found that subsampling is harmfulfor the best class of realised kernel estimators. The main advantage of subsampling is that it canovercome the ine�ciency that results from a poor choice of kernel weights in the �rst place. Forexample, when the truncated kernel is used to design estimators, the resulting estimator has poorasymptotic properties, whereas the subsampled estimator is consistent and converges at rate n1=6:In the realistic situation where the noise is endogenous and time dependent, subsampled realisedkernels do provide a simple way to make use of all the available data. We have discussed how tomake valid inference about such estimators.ReferencesA��t-Sahalia, Y., P. A. Mykland, and L. Zhang (2006). Ultra high frequency volatility estima-tion with dependent microstructure noise. Unpublished paper: Department of Economics,Princeton University.Andersen, T. G., T. Bollerslev, F. X. Diebold, and P. Labys (2000). Great realizations. Risk 13,105{108.Andersen, T. G., T. Bollerslev, F. X. Diebold, and P. Labys (2001). The distribution of exchangerate volatility. Journal of the American Statistical Association 96, 42{55. Correction publishedin 2003, volume 98, page 501.Anderson, T. W. (1971). The Statistical Analysis of Time Series. New York: John Wiley andSons. 23
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h(X�;S) =PSs=�S S�jsjS 
Sh+s(X �S ) +RxS=S:The remainder RxS=S is a relatively small term, due to end e�ects. The term is de�ned explicitlyin the proof, and the expression shows that RxS can be made zero by tweaking the �rst S � 1 andlast S � 1 intraday returns.Proof. De�ne the intraday returns xj = X �S j �X �S j� �S ; and writeX�(j+ s�1S ) �X�(j�1+ s�1S ) = X �S (jS+s�1) �X �S (jS�S+s�1) = xjS+s�1 + � � �+ xjS�S+s:So xj are intraday returns over short intervals, each having length �=S. The 
1h(X�) equalsn�Xj=1 �X�j �X�(j�1)� �X�(j�h) �X�(j�h�1)�= n�Xj=1 �x(j�1)S+1 + � � �+ xjS� �x(j�h�1)S+1 + � � �+ x(j�h)S�= nXj=1 xjxj�Sh + nXj=1jmodS 6=0xjxj�Sh+1 + nXj=1jmodS=2f0;S�1g xjxj�Sh+2 + � � � + nXj=1jmodS=1xjxj�Sh+S�1+ nXj=1jmodS 6=1xjxj�Sh�1 + nXj=1jmodS=2f1;2gxjxj�Sh�2 + � � �+ nXj=1jmodS=0xjxj�Sh�S+1:Similarly for s > 1 we haven�Xj=1 �X�j+ s�1S �X�(j�1)+ s�1S ��X�(j�h)+ s�1S �X�(j�h�1)+ s�1S � = n+s�1Xj=s xjxj�Sh+ n+s�1Xj=sjmodS 6=s�1xjxj�Sh+1 + n+s�1Xj=sjmodS =2fs�1;s�2gxjxj�Sh+2 + � � � + n+s�1Xj=sjmodS=sxjxj�Sh+S�1+ n+s�1Xj=sjmodS 6=sxjxj�Sh�1 + n+s�1Xj=sjmodS =2fs;1gxjxj�Sh�2 + � � � + n+s�1Xj=sjmodS=s�1xjxj�Sh�S+1:By adding up the terms, 
h(X� ;S) =PS�1s=�S+1 S�sS 
Sh+s(X �S ) +RxS=S; whereRxS = � SXS=2 0@s�1Xj=1 xjxj�Sh + s�2Xj=1 xjxj�Sh+1 + � � �+ 1Xj=1 xjxj�Sh+S�225



+ s�1Xj=1 xjxj�Sh�1 + s�1Xj=2 xjxj�Sh�2 + � � �+ s�1Xj=s�1xjxj�Sh�S+11A+ SXS=2 0@n+s�1Xj=n+1xjxj�Sh + n+s�2Xj=n+1xjxj�Sh+1 + � � �+ n+1Xj=n+1xjxj�Sh+S�2+ n+s�1Xj=n+1xjxj�Sh�1 + n+s�1Xj=n+2xjxj�Sh�2 + � � � + n+s�1Xj=n+s�1xjxj�Sh�h+11A :The term, RxS ; is due to end e�ects and involves much fewer cross products, xixj ; than doesPSs=1 
sh(X�): So that RxS=S is typically negligible. In fact, RxS can be made zero by assumingx1 = � � � = xS�1 = xn+1 = � � � = xn+S�1 = 0. �In the non-subsampling case Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006) derivedthe following helpful results.Theorem A.1 We study properties as � # 0: Suppose that Y 2 BSM and (4) holds, thenn1=2� 0BBB@ 
0(Y�)� R t0 �2udu~
1(Y�)...~
H(Y�) 1CCCA Ls!MN �0; A1 � tZ t0 �4udu� ; A1 = 0BBB@ 2 0 � � � 00 4 � � � 0... ... . . . ...0 0 � � � 4 1CCCA : (A.1)If, in addition, for n� � H, U 2 WN and Y ?? U then e
(Y�; U�) Ls!MN �0; 2!2[Y ]B�, whereB = � B11 B12B21 B22 � ; B22 = 0BBBB@ 2 �1 0 � � ��1 2 . . . . . .. . . . . . . . . �1� � � 0 �1 2
1CCCCA ; B11 = � 1 ��1 2 � ; B21 = 0BBB@ 0 �10 0... ...0 0 1CCCA ;E fe
(U�)g = 2!2n� (1;�1; 0; 0; :::; 0)| ; and Cov fe
(U�)g = 4!4n�C +O(1);C = � C11 C12C21 C22 � ; C11 = � 1 + �2 �2� �2�2� �2 5 + �2 � ;C21 = 0BBBBB@ 1 �40 10 0... ...0 0

1CCCCCA ; C22 = 0BBBBB@ 6 � � � ��4 6 � � �1 �4 6 � �0 1 �4 6 �... . . . . . . . . . . . .
1CCCCCA :Theorem A.2 Suppose that Y 2 BSM and (4) holds, then as � # 0n1=2� 0BBB@ 
0(Y�;S)� R t0 �2udu;e
1(Y�;S)...e
H(Y�;S) 1CCCA Ls!MN �0; AS � tZ t0 �4udu� ;
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AS = 23 0BBBBB@ 2 + S�2 � 0 � � �1� S�2 4 + 2S�2 � . . .0 1� S�2 4 + 2S�2 . . .... . . . . . . . . .
1CCCCCA! 23 0BBBBB@ 2 1 0 � � �1 4 1 . . .0 1 4 . . .... . . . . . . . . .

1CCCCCA = A1; (A.2)and as � # 0 and S !1n1=2� 0BBB@ 
0(Y�;S)� R t0 �2udu;e
1(Y�;S)...e
H(Y�;S) 1CCCA Ls!MN �0; A1 � tZ t0 �4udu� :Proof of Theorem A.2. By Lemma A.1 we have ~
h(Y�;S) ' PSs=�S S�jsjS ~
Sh+s(Y �S ); andthe asymptotic properties of 
h(Y �S ); h = �SH; : : : ; SH; using the small time gaps, �=S; followsstraightforwardly from (A.1). WriteV0;S = 1S  1 + 2 SXs=1 �S�sS �2! = 23 �1 + S�22 �! 23 V1;S = 1S  0 + SXs=1 sS S�sS ! = 16 �1� S�2�! 16 :then for h � 1 we haveVar f~
h(Y�;S)g = Var( SXs=�S S�jsjS ~
Sh+s(Y�S ))! 4V0;Sn� tZ t0 �4udu;and similarly for h = 0 we �nd Var f~
0(Y�;S)g = 2V0;Sn� tR t0�4udu. For h � 0 we �ndCov �~
h(Y�;S); ~
h+1(Y�;S)	 = CovnPSs=�S S�jsjS ~
Sh+s(Y�S);PSs=�S S�jsjS ~
Sh+S+s(Y�S )o= VarnPSs=1 S�sS sS ~
Sh+s(Y�S)o =PSs=1 S�sS sS � 1n4t tR0�4udu= 4V1;S � 1n� t tR0�4udu:Covariances between ~
h(Y�;S) and ~
i(Y�;S) are zero for jh� ij � 2; as they do not \share" any ofthe realised autocovariances ~
Sh+s(Y�S ). �Proof of Theorem 1. For the subsampled realised kernel on Y� we haveS (V0;S + 2V1;S) = 1 + 2XSs=1 �S�sS �2 + 2XSs=1 sS S�sS + S(S�1)S = S;so that V0;S + 2V1;S = 1; where V0;S and V1;S are de�ned in the proof of Theorem A.2. From thestructure of AS we have1H PHi;j=0 k( iH )k( jH )[AS ]i;j = 4V0;SH PHh=0 k( hH )2 + 8V1;SH PHh=1 k( hH )k(h�1H ) +O( 1H )= 4(V0;S+2V1;S)H PHh=0 k( hH )2 � 8V1;SH2 PHh=1 k( hH )k( hH )�k(h�1H )1=H +O( 1H ) = 4Z 10 k(u)2dx+O( 1H ):From Barndor�-Nielsen, Hansen, Lunde, and Shephard (2006) we havee
(Y�; U�;S) Ls!MN �0; 2!2S [Y ]B� ; (A.3)27



E fe
(U� ;S)g = 2!2n� (1;�1; 0; 0; :::; 0)| : (A.4)Furthermore, with U sj = U(j+ s�1S )� we have ~
sh(U�) = �V sh+1;n + 2V sh;n � V sh�1;n +Rsh+1;n �Rsh�1;n;where V sh;n =Pnj=1 U sj (U sj�h + U sj+h) and Rsh;n = 12(U snU sn+h + U s0U s�h � U snU sn�h � U0U sh). So withw0 = w�1 = 1; wh = k(h�1H ); h = 1; : : : ;H + 1 we have from Barndor�-Nielsen, Hansen, Lunde,and Shephard (2006) thatKs(U�) = � HXh=0 (wh+1 � 2wh + wh�1) V sh;n � HXh=1 (wh+1 � wh�1)Rsh;n;where h nH3k2;2� + nH2 fk0(0) + k0(1)gi�1=2PHh=0 (wh+1 � 2wh + wh�1) V sh;n d! N(0; 4!4) andavar(H�1=2PHh=1 (wh+1 �wh�1)Rsh;n) = 4!4k1;1� : Since the noise is independent across subsam-ples, the results for K(X�; S) + �SH;n = �PHh=1 (wh+1 � 2wh + wh�1)S�1PSs=1 V sh;n and �SH;n =PHh=1 (wh+1 � wh�1)S�1PSs=1Rsh;n follow. �Proof of Lemma 1. From (12) we haveavarfK(X�)� ~K(X�)gavarf ~K(X�)g = 4!4k1;1� =(HS)4t R t0�4udu hHSn k0;0� + 2��k1;1�HS + n�2 nk0(0)2+k0(1)2(HS)2 + S k2;2�(HS)3oi= �(HS)2n k0;0��k1;1� + 2�+ nHS � k0(0)2+k0(1)2k1;1� + S n(HS)2 � k2;2�k1;1� ;which can be seen to vanish when k0(0)2 + k0(1)2 6= 0 or S !1: We need HS _ n1=2 for the rationot to vanish when k0(0)2 + k0(1)2 = 0. With HS = c�pn we �ndavarfK(X�)� ~K(X�)gavarf ~K(X�)g = �c2� k0;0�k1;1� + 2�+ S�c2 k2;2�k1;1� � �2 1+sk2;2� k0;0�(k1;1� )2 ! ;where we used that �; S � 1 and that x =pb=a minimizes f(x) = ax+ b=x; a; b > 0: �Proof of Theorem 2. (i) The mixed Gaussian result follows from Theorem 1. (ii) The best valuefor c is found by solving the �rst order condition k0;0� �2c�3 �k0(0)2 + k0(1)2	 = 0, and substitutingthis c into (13) yields !4=3 �tR t0�4udu�2=3 times4c�k0;0� + k0(0)2 + k0(1)2c3 � = 4c�k0;0� + 12k0;0� � = 4ck0;0� (1 + 1=2) = 6ck0;0� :Finally ck0;0� = n2 �k0(0)2 + k0(1)2� =k0;0� o1=3 k0;0� = �2�k0;0� �2 �k0(0)2 + k0(1)2��1=3 :�Proof of Theorem 3. (i:a) The mixed Gaussian result is straight forward using Theorem 1.(i:b) Substituting HS = �1=2cn1=2+�=4 and S = an� into (14) yields 4! �t R t0�4udu�3=4 timescn1=2+�=4n k0;0� + 2�k1;1�cn1=2+�=4 + nn� k2;2�(cn1=2+�=4)3 = ck0;0� n�1=2+�=4 + c�3k2;2� n�1=2+�=4;because the second term is of lower order that the 1st and 3rd term when � > 0:(ii) Minimizing (14) with respect to x = HS has the �rst order condition,n�1k0;0� � 2��k1;1� (HS)�2 � 3�2nSk2;2� (HS)�4 = 0:28



The unique positive solution is given by HS = cS(�n)1=2; wherecS =s�k1;1�k0;0� �1 +r1 + 3S k0;0� k2;2�(�k1;1� )2� =s�k1;1�k0;0� +r (�k1;1� )2+3Sk0;0� k2;2�(k0;0� )2 :Now de�ne x = k0;0� =(�k1;1� ); y = �k1;1� =(Sk2;2� ); and z = p1 + 3x=y: Then cS = p(1 + z)=xand x=y = (z2 � 1)=3 = (1 + z)(z � 1)=3: So the minimum asymptotic variance is given by4! �tR t0�4udu�3=4 k0;0� (cS + 2cSx + 1c3Sxy ); which is proportional tocS + 2cSx + 1c3Sxy =q1+zx + 2q 1x(1+z) + px(1+z)p1+zc3y = 1px 43 � 1p1+z +p1 + z� :Now substitute z =q1 + 3Sk0;0� k2;2� =(�k1;1� )2 and x�1=2 =q�k1;1� =k0;0� and (16) follows. �Lemma A.2 Let g(S) be as de�ned in Theorem 3. Then g0(S) > 0 for all S > 0:Proof. Consider the function f(x) = 1p1+p1+ax +p1 +p1 + ax, for a > 0. The �rst derivativef 0(x) = a4 �1 +pax+ 1��3=2, is positive for all x > 0. �Proof of Corollary 1. From Lemma A.2 it follows that g0(S) > 0 for all S > 0; if we set x = Sand a = 3k0;0� k2;2� =(�k1;1� )2: So any increment in S will increase the asymptotic variance. �Proof of Corollary 2. By substitution for the �rst � in g(S) we �nd that (16) is proportional to!�tZ t0 �4udu�1=2�Z t0 �2udu�1=2( 1q1+p1+3Sk0;0� k2;2� =(�k1;1� )2 +r1 +q1 + 3Sk0;0� k2;2� =(�k1;1� )2) :From Hansen and Lunde (2006, p. 135) it follows that business time sampling minimizes t R t0�4uduand by Lemma A.2 we have that also the second term is minimized for the largest possible valueof �; (set x = 1=�2). Since � � 1 the solution is � = 1. �Proof of Lemma 2. From the proof of 1 we haveKw(U�) = Kw(U�; 1) = �PHh=0 (wh+1 � 2wh + wh�1)V 1h;n �PHh=1 (wh+1 � wh�1)R1h;n;where Var(V 1h;n) = (4n�2h)!4: V 1h;n is entirely made up of U1j U1j�h terms so that Cov(V 1h;n; V 1k;n) = 0;for h 6= k: Hence Varn ~Kw(U�)o � 4!4(n�H2 )PHh=0 (wh+1 � 2wh + wh�1)2 ; and the results followssince H = o(n): �Proof of Theorem 4. The asymptotic distribution of 
0(X�;S) + e
1(X�;S) � R t0 �2udu is mixedGaussian with variance of approximately, for moderate n� and S,n�1� 163 tR t0 �4udu+ 8!4n�S : (A.5)The �rst term appears from (A.2), the second from Theorem A.2 of Barndor�-Nielsen, Hansen,Lunde, and Shephard (2006). �Proof of Lemma 3. With S = c(�n)2=3 we have n�1� = S=n = c�2=3n�1=3 and n�S = n=S2 =c�2��4=3n1=3; so that (A.5) in the proof of Theorem 4 becomes n1=3 times163 c�2=3tZ t0 �4udu+ 8!4c�2��4=3 = !4=3 �tZ t0 �4udu�2=3�163 c+ 8c�2� :29



So n1=6 n
0(X�;S) + e
1(X�;S)� R t0�2uduo converges to a mixed Gaussian distribution with thisvariance. We can now minimise this asymptotic variance by selecting c3 = 3. At this value theasymptotic variance is!4=3�tZ t0 �4udu�2=3 �163 (3)1=3 + 8 (3)�2=3� ' 11:53!4=3�tZ t0 �4udu�2=3 :�Proof of Lemma 4. From Theorems A.2 and 1 we obtain the following upper-left 3�3 submatricesof A1 and C; [A1;3�3] = 23 0@ 2 � �1 4 �0 1 4 1A ; [C3�3] = 0@ �2 + 1 � ���2 � 2 �2 + 5 �1 �4 6 1A :With w = (1; 1; 12)| we have w|[A1;3�3]w = 203 and w|[C3�3]w = 12 : The result now follows, as theasymptotic variance isn1=3�Sn tZ 10 �4udu203 + 4!4 nS2 12� = !4=3�tZ 10 �4udu�2=3 �203 c+ 2c�2� :�Proof of Theorem 5. We have
0(X� ;S)� 2n�!2 � Z t0 �2udu = 
0(Y�;S)� tR0�2udu| {z }n�1� 43 tR t0�4udu +2
0(U�; Y� ;S)| {z }S�18!2 R t0�2udu + 
0(U�;S)� 2n�!2| {z }4!4 n�S (1+�2) ;which has mean zero and a variance that is the sum of the three terms given below the brackets.The three terms are given from (A.2), (A.3), and Theorem A.1, respectively. For large S = c(�n)2=3(implying large n� = n=S = c�1��2=3n1=3) we haven1=6�
0(X� ;S)� 2n�!2 � Z t0 �2udu� Ls!MN (0; 4!4=3�tZ t0 �4udu�2=3 � c3 + 1+�2c2 �) :By the approximations1S Pnj=1 �Uj�=S � U(j�S)�=S�2 ' 2S �Pnj=1 U2j�=S +Pnj=1 Uj�=SU(j�S)�=S�1S Pnj=1 �Uj�=S � U(j�1)�=S�2 ' 2S �Pnj=1 U2j�=S +Pnj=1 Uj�=SU(j�1)�=S� ;and using 2S = 2n1=2c�2=3n2=3 � n�1=2 = n�1=6q 4c2�4=3 � n�1=2 we see thatn�1=6 n�1=2Pnj=1 �Uj�=S � U(j�S)�=S�2 � 2n�!2n�1=2Pnj=1 �Uj�=S � U(j�1)�=S�2 � 2n�!2 ! L! N �0; 4!4c2�4=3 � 1 + �2 �2�2 1 + �2 �� :�Proof of Theorem 6. Follows from Theorem 5, and n�1=2
0(X�=S) = n�1=2
0(U�=S) + op(1) and!4=�4=3 = !4=3 �tR t0�4udu�2=3. � 30


